
Modelling and observing 
strong-gravity systems

Eloisa Bentivegna
bentivegna@cct.lsu.edu

5th european summer school on experimental nuclear astrophysics
S. Tecla, 25 september 2009

mailto:bentivegna@cct.lsu.edy
mailto:bentivegna@cct.lsu.edy


• Strong-gravity systems require a general-relativistic treatment:
‣Why:

- Newtonʼs gravity as the weak-field limit of General Relativity
- Observational and experimental evidence
‣ How:

- Wheelerʼs “Geometrodynamics”
- Numerical Relativity

• Strong-gravity systems can emit gravitational waves;
‣ New class of data, gravitational-wave astronomy
‣ Emission processes: bursts, inspirals and oscillations

Outline



Strong-gravity systems

Newtonʼs universal law of gravitation (linear!):

The compactness factor M/r (dimensionless in geometric units G=c=1) determines 
the departure from newtonian gravity - it can occur at any length and mass scale!
‣ Small r:     compact objects
‣ Large M:   cosmology (constant density fluid: M∼R3, so that M/r grows with r)

Observational and experimental evidence: there are departures from the above 
picture as the field intensity grows (or as the source speed grows). These departures 
are well described by General Relativity.



Strong-gravity systems

Quantify and treat these effects appropriately!

Increasing scale

Precessing, 
inspiralling 
orbits

• Mercury
• PSR 1913+16

Curvature of 
light rays, 
gravitational 
redshift

• 1919 solar eclipse
• Pound&Rebka experiment
• Gravitational lensing

Large-scale 
dynamics

• Hubble expansion, 
cosmological redshift

• Cosmological microwave 
background



Wheeler’s “Geometrodynamics”

In General Relativity, the primitive variable is the (rank-2, 4-dimensional, 
symmetric) metric tensor gab, which satisfies Einsteinʼs equation:

In order to calculate the 
evolution of a system, the 4-
dimensional spacetime must 
be split into space and time; 
this is accomplished by 
choosing a time direction and 
projecting Einsteinʼs equation 
along and across it, i.e. 
c a r r y i n g o u t a 3 + 1 
decomposition.



Wheeler’s “Geometrodynamics”

In General Relativity, the primitive variable is the (rank-2, 4-dimensional, 
symmetric) metric tensor gab, which satisfies Einsteinʼs equation:

In order to calculate the 
evolution of a system, the 4-
dimensional spacetime must 
be split into space and time; 
this is accomplished by 
choosing a time direction and 
projecting Einsteinʼs equation 
along and across it, i.e. 
c a r r y i n g o u t a 3 + 1 
decomposition.



Wheeler’s “Geometrodynamics”

In General Relativity, the primitive variable is the (rank-2, 4-dimensional, 
symmetric) metric tensor gab, which satisfies Einsteinʼs equation:

x
y

t

In order to calculate the 
evolution of a system, the 4-
dimensional spacetime must 
be split into space and time; 
this is accomplished by 
choosing a time direction and 
projecting Einsteinʼs equation 
along and across it, i.e. 
c a r r y i n g o u t a 3 + 1 
decomposition.



Wheeler’s “Geometrodynamics”

In General Relativity, the primitive variable is the (rank-2, 4-dimensional, 
symmetric) metric tensor gab, which satisfies Einsteinʼs equation:

x
y

t

In order to calculate the 
evolution of a system, the 4-
dimensional spacetime must 
be split into space and time; 
this is accomplished by 
choosing a time direction and 
projecting Einsteinʼs equation 
along and across it, i.e. 
c a r r y i n g o u t a 3 + 1 
decomposition.



Wheeler’s “Geometrodynamics”

In General Relativity, the primitive variable is the (rank-2, 4-dimensional, 
symmetric) metric tensor gab, which satisfies Einsteinʼs equation:

x
y

t

In order to calculate the 
evolution of a system, the 4-
dimensional spacetime must 
be split into space and time; 
this is accomplished by 
choosing a time direction and 
projecting Einsteinʼs equation 
along and across it, i.e. 
c a r r y i n g o u t a 3 + 1 
decomposition.



Wheeler’s “Geometrodynamics”

In General Relativity, the primitive variable is the (rank-2, 4-dimensional, 
symmetric) metric tensor gab, which satisfies Einsteinʼs equation:

x
y

t

In order to calculate the 
evolution of a system, the 4-
dimensional spacetime must 
be split into space and time; 
this is accomplished by 
choosing a time direction and 
projecting Einsteinʼs equation 
along and across it, i.e. 
c a r r y i n g o u t a 3 + 1 
decomposition.



Wheeler’s “Geometrodynamics”

In General Relativity, the primitive variable is the (rank-2, 4-dimensional, 
symmetric) metric tensor gab, which satisfies Einsteinʼs equation:

x
y

t

In order to calculate the 
evolution of a system, the 4-
dimensional spacetime must 
be split into space and time; 
this is accomplished by 
choosing a time direction and 
projecting Einsteinʼs equation 
along and across it, i.e. 
c a r r y i n g o u t a 3 + 1 
decomposition.



Wheeler’s “Geometrodynamics”

In General Relativity, the primitive variable is the (rank-2, 4-dimensional, 
symmetric) metric tensor gab, which satisfies Einsteinʼs equation:

x
y

t

In order to calculate the 
evolution of a system, the 4-
dimensional spacetime must 
be split into space and time; 
this is accomplished by 
choosing a time direction and 
projecting Einsteinʼs equation 
along and across it, i.e. 
c a r r y i n g o u t a 3 + 1 
decomposition.



Wheeler’s “Geometrodynamics”

In General Relativity, the primitive variable is the (rank-2, 4-dimensional, 
symmetric) metric tensor gab, which satisfies Einsteinʼs equation:

x
y

t

In order to calculate the 
evolution of a system, the 4-
dimensional spacetime must 
be split into space and time; 
this is accomplished by 
choosing a time direction and 
projecting Einsteinʼs equation 
along and across it, i.e. 
c a r r y i n g o u t a 3 + 1 
decomposition.



Wheeler’s “Geometrodynamics”

In General Relativity, the primitive variable is the (rank-2, 4-dimensional, 
symmetric) metric tensor gab, which satisfies Einsteinʼs equation:

x
y

t

In order to calculate the 
evolution of a system, the 4-
dimensional spacetime must 
be split into space and time; 
this is accomplished by 
choosing a time direction and 
projecting Einsteinʼs equation 
along and across it, i.e. 
c a r r y i n g o u t a 3 + 1 
decomposition.



Wheeler’s “Geometrodynamics”

In General Relativity, the primitive variable is the (rank-2, 4-dimensional, 
symmetric) metric tensor gab, which satisfies Einsteinʼs equation:

x
y

t

In order to calculate the 
evolution of a system, the 4-
dimensional spacetime must 
be split into space and time; 
this is accomplished by 
choosing a time direction and 
projecting Einsteinʼs equation 
along and across it, i.e. 
c a r r y i n g o u t a 3 + 1 
decomposition.



3+1 decomposition

System of 12 partial differential equations, with 4 spatial constraints:

In special, highly symmetric cases, they can be 
solved by hand. Otherwise, it is a coupled, 
nonlinear system (no superposition principle!) - 
numerical methods are the only viable option. 
One could be led to expect that a simple 
discretization of this system, implemented on a 
sufficiently powerful machine, can yield the 
evolution of arbitrary initial data.



Numerical Relativity

However: thirty-year-old endeavour! 

• Some conceptual issues:
‣ Initial data;
‣ Coordinate gauges;
‣ Extraction of physical observables;

• Some numerical issues:
‣ Stability of evolution schemes;
‣ Singularity handling and mesh refinement;

• State of the art:
‣ Binary-black-hole, binary-neutron-star and 

black hole/neutron star collisions, with 
different mass rations, spins, equations of 
state, and including the effect of 
electromagnetic fields;



Conservation laws in 
General Relativity

• Motivation: establishing balance laws, study transfer of energy-momentum/
angular momentum in non-vacuum scenarios; error control in numerical settings; 
initial data;

• Noether procedure for the construction of conserved currents;
• In its possibly simplest form: test mass in free fall:

• There is a conserved quantity for each Killing vector field:
- In flat spacetimes, Poincaré group:
‣ Translations → energy-momentum
‣ Rotations → angular momentum
‣ Lorentz boosts → center-of-mass conservation

- In general spacetimes?



 General Relativity: apply to the gravitational field?
PROBLEMS SOLUTIONS

LOCALIZATION: “local” energy-
momentum and angular-momentum 
of the gravitational field are not 
observable (local flatness).

Global approach (spatial and null 
infinity)
Quasi-local approach (extended but 
finite regions)

SYMMETRY & CONSERVATION: in 
a generic gravitational field, which 
s y m m e t r i e s ? H o w t o d e fi n e 
traslations? Rotations?

Asymptotic symmetries

Quasi-local symmetries

Approximate symmetries

ORIGIN: Choose an appropriate 
origin with respect to which angular 
momentum is calculated (center of 
mass problem in GR). Important if 
one wants to compare different 
spacetimes!

Good cuts, nice sect ions, CE 
surfaces?

Conservation laws in 
General Relativity



• In numerical simulations, additional 
complications have to be factored in:

- Only finite-distance surfaces are 
usually available - how can one 
calculate the limit to spatial or null 
infinity? 
- Gauge unknown, potentially non-
trivial, not modifiable - how can one 
ensure that these corresponds to 
the correct chart/tetrad choice 
required by the global formalisms?

Numerical issues



• The sur face ʼs outgoing nul l 
expansion is defined as:

• A 2-surface is said to be a CE surface 
if the expansion of its outgoing null 
normal is constant across it.

• On simple, exact spacetimes, the 
expansion is asymptotically monotonic 
with the coordinate radius, and can be 
used as a radial coordinate;

• In a 3+1 setting, given a 2-surface, a null 
tetrad can be constructed from the normal 
to the spatial hypersurfaces, the normal to 
the 2-surface on the spatial hypersurfaces 

and two vectors tangent to the 2-surface, 
using: 

Constant-expansion surfaces



 Consider a Kerr spacetime in Kerr-Schild coordinates, and add a Lorentz boost and a 
traslation:

• Use a boost of 0.01668 and 
offset of (2, 4, 6, 8, 10) M.
• Construct two classes of 
surfaces: coordinate spheres 
and CE surfaces, located at 
areal radii of (2, 7.5, 15, 30, 
60, 110) M;
• Integrate two types of 
angular momentum.

Test: single black hole



Results



Results



Gravitational waves
Richer structure of the gravitational field: the new equations admit radiative solutions! 
Gravitating bodies can emit gravitational waves; their detection can carry information 
about their source out to distant observers. The source properties that leave a 
signature in the waveforms are in principle distinct from those influencing, say, 
electromagnetic or neutrino emission.

Emission processes:

Gravitational 
collapse

Collisions of 
compact objects

Oscillations of 
compact objects

Bursts Inspirals Quasinormal ringing



Conclusion

When studying strongly gravitating systems, full 
General Relativity has to be taken into account in 
order to extract accurate physical predictions.

Strongly-gravitating systems often emit gravitational 
waves: potential for a new, complementary class of 
data to test physical models!

☹
☺



Pointers

• Living Reviews in Relativity: relativity.livingreviews.org
‣ Observations and experiment: “Physics, Astrophysics and Cosmology with 

Gravitational Waves”, “The Confrontation between General Relativity and 
Experiment”, …;

‣ Conserved quantities and balance laws: “Quasilocal Energy-Momentum and 
Angular Momentum in General Relativity”, …;

• Numerics:
‣ www.cactuscode.org
‣ www.carpetcode.org
‣ www.whiskycode.org

http://www.relativity.livingreviews.org
http://www.relativity.livingreviews.org
http://www.cactuscode.org
http://www.cactuscode.org
http://www.cactuscode.org
http://www.cactuscode.org
http://www.cactuscode.org
http://www.cactuscode.org


Ranges and Sensitivity


