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OVERVIEW

‣ MODELLING THE UNIVERSE
• ΛCDM
• Effects of inhomogeneities

‣ NUMERICAL RELATIVITY FOR COSMOLOGY
• Initial data
• Evolution (gauges)
• Observables

‣ REQUIREMENTS AND FEASIBILITY



COSMOLOGICAL PRINCIPLE
On large scales, the Universe is homogeneous and isotropic. 

INHOMOGENEOUS COSMOLOGIES
THE COSMOLOGICAL PRINCIPLE

Standard model based on three ingredients:
1. Class of exact solutions: homogeneous and isotropic, 

Friedmann-Lemaitre-Robertson-Walker (FLRW);
2. Cosmological perturbation theory around FLRW: large-scale 

fluctuations;
3. Newtonian methods (such as N-body codes): small scales 

fluctuations, non-perturbative collapse and structure formation.

s ≪ D
10 kpc 10 Gpc

s ≫ D



INHOMOGENEOUS COSMOLOGIES
THE COSMOLOGICAL PRINCIPLE

• Huge simplification in the treatment of 
processes from the early to the late 
Universe:

• Primordial nucleosynthesis
• CMB physics
• Lensing
• Structure formation

• Data can be fitted with only a small 
numbers of parameters*



INHOMOGENEOUS COSMOLOGIES
LCDM COSMOLOGY

• Parameters of different nature [Trotta 2008]:
• 5/6 parameters for the background evolution
• 10 parameters for the initial fluctuations
• A number of nuisance parameters
• Any parameter connected to new physics
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INHOMOGENEOUS COSMOLOGIES
LCDM COSMOLOGY
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INHOMOGENEOUS COSMOLOGIES
DATA ANALYSIS

• Parameter estimation and model selection are extremely complex:
• May worsen with larger, more precise datasets
• Signs that past analyses are not so robust [Nielsen, Guffanti & Sarkar 2015, 

Shariff et al. 2015]



COSMOLOGICAL PRINCIPLE
On sufficiently large scales, the Universe is sufficiently homogeneous 
and isotropic. 

COSMOLOGICAL PRINCIPLE
On large scales, the Universe is homogeneous and isotropic. 

INHOMOGENEOUS COSMOLOGIES
EFFECTS OF INHOMOGENEITY

• Cosmology is emerging as a full-blown experimental science: 
along with better experiments and better data analysis, we 
need better modelling!



INHOMOGENEOUS COSMOLOGIES
EFFECTS OF INHOMOGENEITY

• Hybrid approach: Newtonian two-body interaction plus relativistic 
“touches” [Thomas 2014, Adamek 2014 & 2015].

• Post-*an approach may hold back relativistic insight:
• The correspondence between spatial curvature and energy density is lost 

(more generally, the mapping to homogeneous class becomes ambiguous 
[Ellis & Stoeger 1987, Buchert et al. 2015, Green & Wald 2015])

• Ambiguous definition of cosmological observers, cosmological principle 
turned upside down (observers unaffected by local effects are the 
exception, not the rule)

• Optical properties are strongly affected
• Loss of “time” homogeneity (e.g. self-similarity of flat cosmologies), there 

can be “special times” [Skarke 2015]
• Inhomogeneities can affect the large-scale expansion
• The large-scale expansion can affect collapsing matter beyond the 

perturbative regime! [Torres, Alcubierre et al. 2014, Alcubierre, de la 
Macorra et al. 2015, Rekier, Cordero-Carrion & Fuzfa 2015, Bentivegna 
& Bruni 2015]

• Averaging becomes highly non-trivial.



INHOMOGENEOUS COSMOLOGIES
THE NUMERICAL-RELATIVITY PERSPECTIVE

• Numerical studies of inhomogeneous spacetimes span at least 
four decades (P. Anninos, “Computational Cosmology: From 
the Early Universe to the Large Scale Structure”, LIVING 
REV. RELATIVITY 4 (2001), 2):
• Singularities: Matzner, Weaver (1970), Berger, Garfinkle (1991, 1997, 

2004)
• Inflation: Centrella, Wilson, Kurki-Suonio, Laguna, Matzner (1983, 1984, 

1987, 1993, 1996), Bastero-Gil, Tristram, Macias-Perez, Santos (2007), 
East, Kleban, Linde, Senatore (2015)

• Phase transitions in the early universe: Rezzolla, Miller, Pantano (1995), 
Wainwright, Johnson, Peiris, Aguirre, Lehner, Liebling (2014)

• Primordial gravitational waves: Bastero-Gil, Macias-Perez, Santos (2010)
• Large-scale structure: Anninos, Centrella, McKinney, Wilson (1984, 

1985, 1999), Shibata (1999), Bentivegna, Korzynski, Hinder, Bruni 
(2012-2015), Yoo, Okawa, Nakao (2012-2014), Torres, Alcubierre, Diez-
Tejedor, Nunez, de la Macorra (2014-2015), Rekier, Cordero-Carrion, 
Fuzfa (2015)



INHOMOGENEOUS COSMOLOGIES
EXAMPLES

Three cosmological spacetimes:

Contracting black-hole lattice

Expanding black-hole lattice

Pressureless fluid with sinusoidal perturbations



Einstein’s equation can be solved exactly by formulating it as an initial-boundary value 
problem, and integrating numerically. One needs to choose a time coordinate and project 
the equations accordingly; reducing the system to first-order form, one is left with twelve 
evolution four constraints equations:
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NUMERICAL RELATIVISTIC COSMOLOGY
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THE EINSTEIN CONSTRAINTS

The first step in integrating Einstein’s equation numerically is to specify an initial data set, 
by solving the constraint equations first:

In the general case, this is a system of four 3D, non-linear, elliptic PDEs. Existence and 
uniqueness of solutions, as well as the resolution strategy, are strongly dependent on the 
system’s topology, symmetries, and properties.
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PERIODIC INITIAL DATA

What is the influence of periodic boundary conditions on the elliptic 
problem?

• No solutions in Newtonian’s gravity!

Under which conditions do solutions exist? [Choquet-Bruhat, Isenberg & 
Pollack 2007]

• Integrability;

How much freedom is there to choose the physical data? 
• Periodic boundary conditions are in a sense weaker than Dirichlet boundary 

conditions;
• Extra free data has to be provided;

What is the best numerical approach?
• Which algorithms are most natural to integrate with the extra conditions?
• How do the extra conditions affect the convergence of an algorithm [Elser, 

Rankenburg & Thibault 2006]?

INITIAL DATA



BLACK-HOLE INITIAL DATA

Schwarzschild solution, in isotropic coordinates:

It is a conformally flat, zero-extrinsic curvature solution to this system with:
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MULTI-BLACK-HOLE SYSTEMS

Multiple black holes, with zero extrinsic and conformal spatial curvature 
(Brill-Lindquist):

Superposition principle:

In a three-dimensional lattice of spacing L:

Can this be generalized to an infinite number of black holes?
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Further constraint: 

On an asymptotically flat space, the surface terms at 
infinity and around the punctures cancel: 

However, there is no surface term on the periodic 
boundaries. In a periodic space, the extrinsic curvature 
and the scalar curvature cannot both be zero! No time 
symmetric, spatially-flat solution (homogeneous dust 
models have the same properties)

MULTI-BLACK-HOLE SYSTEMS
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• Keep a zero extrinsic curvature, 
but choose a conformal metric 
that is not flat [Wheeler 1983, 
Clifton et al. 2012]:

Notes: 
1)Solutions only for positive 

scalar curvature (analogy to the 
FLRW class);

2)The hamiltonian constraint is 
l inear ! One can use the 
superposit ion principle to 
construct mult i -black-hole 
solutions.

Two options:
• Keep a flat conformal metric, but 

use a non-zero extrinsic curvature 
[Yoo et al. 2012]:

Requires:
1)Numerical integration;
2)Extreme care with periodic 

boundaries.

MULTI-BLACK-HOLE SYSTEMS
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Hamiltonian constraint:

Spatial metric given by:

A solution:

CONFORMALLY-S3 BLACK-HOLE LATTICES
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Multiple black holes can be obtained by superimposing this fundamental solution. It is 
convenient to embed this three-sphere in R4, and to express the solution in this 
coordinate space:

The parameters       and the black-hole centers are arbitrary, but if one is interested in 
regular lattices these have to be chosen carefully. In particular, the parameters      have to 
be the same, and the centers have to be equidistant from each other.
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Curious cases:
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On a three-sphere, there is only a finite number of “regular” arrangements of points, 
corresponding to the regular tessellations of S3. N can be equal to 5, 8, 16, 24, 120, 600.
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CONFORMALLY-S3 BLACK-HOLE LATTICES

INITIAL DATA



CONFORMALLY-S3 BLACK-HOLE LATTICES

INITIAL DATA



Hamiltonian constraint:

It requires numerical integration. If      is not a spatial constant or         is not transverse, the 
momentum constraint has to be solved as well. In all cases, the solution has to include a 
mechanism to preserve the integrability condition.

In this case, the constraint takes the form:

This has to be enforced iteratively since it depends on the unknown conformal factor (and 
potentially on the extrinsic curvature). If this condition is not satisfied, the system does not 
admit solutions (“singular”)! The extent to which one can reduce the equation residual 
depends strongly on how well we can satisfy the compatibility condition.
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A prescription: Yoo et al. (2012) construct an initial-data slice that is asymptotically 
Schwarzschild (in the static slicing) next to the center, and asymptotically CMC (with a 
negative mean curvature) next to the cell faces.

CONFORMALLY-R3 BLACK-HOLE LATTICES

INITIAL DATA



Solved through Gauss-Seidel relaxation on a uniform grid with periodic boundary 
conditions. After each step:

• Rescale variables to set zero-modes (no Dirichlet boundary conditions):

• Enforce integrability condition:

CONFORMALLY-R3 BLACK-HOLE LATTICES

INITIAL DATA



CT_MULTILEVEL

A multigrid solver thorn for Cactus: Carpet provides storage and execution control for the 
grid structure, along with the prolongation and restriction operators. Only needed to code 
in the equation’s rhs, the residual, optionally the error equation, and some high-level 
control logic to carry out the chosen cycle type.

• Two modes of operation: generic and constraints.

• Uses a Gauss-Seidel smoother, second- or fourth-order finite differencing.

• Pass equation coefficients via grid-function names, uses the BEGIN*_MODE, 
END_*_MODE macros, and the ref_restrict_all and ref_prolongate_all to 
move and pass data between refinement levels. uses CCTK_Reduce to enforce the 
integrability condition, no need for separate variable storage or interpolation operators.

• [Bentivegna 2014]

• [Support from project CosmoToolkit (PIRG05-GA-2009-249290)]
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CONFORMALLY-R3 BLACK-HOLE LATTICES

INITIAL DATA



CONFORMALLY-R3 BLACK-HOLE LATTICES

INITIAL DATA



Same procedure in non-vacuum spacetimes [Anninos 1999, Giblin, Mertens & 
Starkman 2015, Bentivegna&Bruni, 2015]:

Approach much more similar to standard cosmological treatments of perturbed fluids. 
Many analytical approximations available in various regimes

PRESSURELESS FLUIDS
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The numerical integration of Einstein’s equation entails another, problem-dependent issue: the 
choice of coordinates. Successful recipe for asymptotically-flat, compact-object spacetimes: 
maximal slicing (and variants).

OBSERVERS AND GAUGES

NUMERICAL RELATIVISTIC COSMOLOGY



• 1+log:

• Suitable for asymptotically-flat spaces, not for spaces where the trace 
of the extrinsic curvature is globally non-zero.

• [Alcubierre 2008]: modified maximal slicing condition with different 
asymptotic mean curvature;

• [Yoo et al. 2013]: lapse reset;
• [Torres, Alcubierre et al. 2014]: hyperbolic “maximal slicing” with 

superluminal fix.

OBSERVERS AND GAUGES

NUMERICAL RELATIVISTIC COSMOLOGY
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LENGTH SCALING

For a fair comparison with the FLRW class, one needs to elect some measure of (proper) 
distance, and measure its scaling in proper time.

OBSERVABLES



    

LENGTH SCALING

OBSERVABLES



[Bentivegna&Korzyński 2013]

LENGTH SCALING

OBSERVABLES



Perturbation theory around a homogeneous and isotropic background:

In the background:

In the perturbed spacetime:

The averages satisfy equations similar to those that hold in FLRW models, but with an extra contribution due to 
inhomogeneities [Buchert&Ehlers 1997]:
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REQUIREMENTS AND FEASIBILITY

NUMERICAL RELATIVISTIC COSMOLOGY

How much does a relativistic Universe cost?

• Domain size: 10 Gpc
• Smallest resolved features: 10 kpc
• Resolution: 1021 points
• Memory required: 100 doubles/point · 8 bytes · 1021 points ~ 1 Ybyte
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>>><

>>>:
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{
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to be resolved



REQUIREMENTS AND FEASIBILITY

NUMERICAL RELATIVISTIC COSMOLOGY

However: Newtonian hydrodynamical simulations can now achieve the same with 
only 12 billion elements [Vogelsberger 2014, Springel 2010].



CONCLUSIONS

1. Theoretical modelling of relativistic effects in cosmology needs numerical 
methods.

2. A fully 3D, relativistic treatment of simple inhomogeneous cosmologies is 
possible

(Existing Numerical-Relativity infrastructure helps, but many algorithms 
are problem-specific and have to be adapted.)

3. Status: non-perturbative effects are small globally, but well beyond 1% 
accuracy at the local level.


